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Robust continuous-variable entanglement of microwave photons with cavity
electromechanics
Peng-Bo Li,∗ Shao-Yan Gao, and Fu-Li Li
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Department of Applied Physics, Xi’an Jiaotong University, Xi’an 710049, China
We investigate the controllable generation of robust photon entanglement with a circuit cavity
electromechanical system, consisting of two superconducting coplanar waveguide cavities (CPWC’s)
capacitively coupled by a nanoscale mechanical resonator (MR). We show that, with this electrome-
chanical system, two-mode continuous-variable entanglement of cavity photons can be engineered
deterministically either via coherent control on the dynamics of the system, or through a dissipative
quantum dynamical process. The first scheme, operating in the strong coupling regime, explores
the excitation of the cavity Bogoliubov modes, and is insensitive to the initial thermal noise. The
second one is based on the reservoir-engineering approach, which exploits the mechanical dissipation
as a useful resource to perform ground state cooling of two delocalized cavity Bogoliubov modes.
The achieved amount of entanglement in both schemes is determined by the relative ratio of the
effective electromechanical coupling strengths, which thus can be tuned and made much lager than
that in previous studies.
PACS numbers: 42.50.Pq, 85.85.+j, 03.67.Bg, 85.25.-j
I. INTRODUCTION
Circuit cavity electromechanics [1–4], the counterpart
of cavity optomechanics [5, 6] in the form of electrical
circuits, describes the parametrical coupling between the
motion of a micro or nanoscale MR and an electrical cir-
cuit. The underlying physics of cavity electromechanics
is that the motion of the mechanical oscillator modulates
the capacitance of the electrical circuit, thus creating
parametrical coupling between these two systems. Com-
pared to their optomechanical analogues, electromechan-
ical systems have the advantages that these low-loss su-
perconducting circuits are easily cooled to ultralow tem-
peratures [7], and can be fabricated on a single chip using
the standard optical lithographic techniques. Recent ex-
perimental and theoretical progress has shown that cav-
ity optomechanics and electromechanics are pretty useful
for macroscopic tests of the fundamental laws of quantum
mechanics, or for other practical applications relevant
with quantum phenomena [8–31]. Of particular inter-
est is the generation of non-classical motional, photonic
and hybrid quantum states for basic tests of quantum
theory, as well as applications in quantum information
processing [32–46].
In order to achieve entanglement of photons, one can
use a three-mode optomechanical system, consisting of
two optical target modes and a mechanical auxiliary
mode. Several theoretical works have described such
schemes for entanglement generation, which use the aux-
iliary mode to mediate an effective coherent interaction
between the two target modes [47–51]. However, the
entanglement generated in those protocols often suffers
from the unavoidable decoherence and dissipation asso-
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ciated with such systems. For instance, the mechani-
cal thermal noise and mechanical dissipation available
in optomechanical system often play a negative role in
the entanglement preparation process. The traditional
method for beating such decoherence process often needs
the strong photon-phonon interaction to exceed the de-
cay of the photons and phonons. The achieved photon
entanglement is often limited by the constraints on the
magnitude of the optomechanical coupling strengths. It
is thus appealing to present some new schemes for robust
photon entanglement with such three-mode optomechan-
ical or electromechanical systems.
In this work, we study the robust generation of pho-
ton entanglement with a circuit cavity electromechanical
system consisting of two superconducting CPWC’s and
a nanoscale or micro MR. In the proposed experimental
setup, the superconducting cavities are capacitively cou-
pled by a capacitor that incorporates the nanoscale or
micro MR into its electrode plates, and is biased by a
driving voltage. In this case, the cavity modes only cou-
ple with the mechanical mode and do not interact with
each other. We show that, through suitably choosing
the driving frequencies of the voltages, we can generate
various linear operations between cavity photons and me-
chanical phonons on demand via the modulation of the
coupling strength.
In particular, with this circuit electromechanical sys-
tem we present two different protocols for preparing
continuous-variable entangled states of microwave pho-
tons. The first protocol, operating in the strong coupling
regime, relies on coherent control over the dynamics of
the system and is insensitive to the initial thermal noise.
In this scheme, we show that at selected time the Bo-
goliubov modes composed of the cavity modes only can
be excited. Since these cavity Bogoliubov modes do not
contain the mechanical mode, the scheme is hence ro-
bust against the mechanical noise. The second protocol is
2based on a dissipative quantum dynamical process, which
exploits the mechanical dissipation as a resource and only
needs high frequency low-Q mechanical oscillators. We
show that at steady state robust entanglement of two
cavity modes can be generated through tailoring the dis-
sipative environment of the two target modes. In the
present case, the reservoir-engineering scheme exploits
the ground state cooling of two delocalized cavity Bo-
goliubov modes. The photon entanglement achieved in
both schemes is determined by the ratio of the effective
electromechanical coupling strengths, rather than their
magnitudes. Therefore, the amount of entanglement ob-
tained in these schemes can be far greater than that in
previous works. These protocols may have promising ap-
plications for continuous-variable quantum information
processing with cavity electromechanics.
II. COUPLING TWO SUPERCONDUCTING
CPWC’S VIA A MR
CPWC1
CPWC2
MR
xV
FIG. 1. (Color online) The schematic of two superconducting
CPWC’s capacitively coupled by a nanoscale MR, which is
driven by a gate voltage Vx.
As shown in Fig.1, we consider an electromechanical
system where two superconducting CPWC’s are capac-
itively coupled by a nanoscale or micro MR, which is
driven by a gate voltage Vx. To implement this scheme,
the superconducting CPWC’s are electrically connected
with a capacitor biased by a driving voltage. The capaci-
tor is formed by two parallel metal plates, one of which is
replaced by a metallic membrane realizing the MR (drum
resonator) [2]. Alternatively, one can choose to use a
micromechanical bulk dilatational resonator, as recently
used in the experiment to couple with a phase qubit [7].
The working frequency of these MR’s is in the range of
GHz, and they can couple to the CPWC’s through in-
terdigitated capacitors. In both cases, the capacitance
C of the capacitor is dependent on the MR displacement
X =
√
~/(2mωm)(bˆ + bˆ
†), where m is the mass of the
MR, ωm the mechanical vibration frequency, and bˆ the
annihilation operator for the MR. If we assume that the
displacement is much smaller than the equilibrium dis-
tance d between the metallic membrane and the metallic
base electrode, then the capacitance approximately be-
comes C = C0(1+X/d), where C0 is the capacitance for
the MR in equilibrium.
For a superconducting CPWC [52], the voltage at po-
sition x is
Vj(x) =
√
~ωj
Cj
(aˆ†j + aˆj) cos(2πx/Lj), (j = 1, 2), (1)
where ωj is the resonant frequency, Cj the total capac-
itance, aˆj the annihilation operator, and Lj the length
for the jth CPWC respectively. With a coupling capaci-
tance C between these CPWC’s, the coupled interaction
can be derived as
HI =
1
2
C0(1 +X/d)(V1(0) + V2(0)− Vx)2. (2)
We subsequently perform a rotating-wave approxima-
tion to simplify the coupled interaction. After neglect-
ing rapidly oscillating and other higher order terms, the
Hamiltonian describing the coupled system can be de-
rived as
H = ~ω1aˆ
†
1aˆ1 + ~ω2aˆ
†
2aˆ2 + ~ωmbˆ
†bˆ
−~g1(t)(bˆ + bˆ†)(aˆ1 + aˆ†1)− ~g2(t)(bˆ+ bˆ†)(aˆ2 + aˆ†2)(3)
where gj(t) =
C0
d
√
ωj
2mωmCj
Vx(t), and we have included
the free Hamiltonian of the two CPWC’s and MR in
the first three terms. The last two terms in Eq. (3)
are the linear interaction between the CPWC’s and the
MR. Up to now the result is valid for arbitrary driv-
ing voltage signals. Through adjusting the driving fre-
quency of the voltage, we can generate various linear op-
erations. For instance, the beam-splitter interaction be-
tween two cavity modes and the mechanical mode, as dis-
cussed in Ref. [53, 54] to realize intracavity state trans-
fer, can be recovered from Hamiltonian (3) by choosing
Vx(t) = V
0
x cosωdt and setting ωd = ω1−ωm = ω2−ωm.
In this way, the modulation of the coupling strength pro-
vides an effective tool for controlling the interaction be-
tween the CPWC’s and the MR. In the following section,
we will show how to prepare robust two-mode entangled
states of the cavity photons through engineering the de-
sired interaction between photons and phonons.
III. GENERATING CONTINUOUS-VARIABLE
ENTANGLEMENT OF PHOTONS CONFINED IN
THE CPWC’S
We now consider the case where the MR is driven
by a gate voltage of the form Vx(t) = V
1
x cos(ω
1
dt) +
V 2x cos(ω
2
dt + φ), where φ is a fixed phase difference be-
tween the voltage components. If we choose the driving
frequencies as ω1d = ω1+ωm, ω
2
d = |ωm−ω2|, correspond-
ing to the blue sideband and red sideband driving for the
MR, then under the rotating-wave approximation we can
obtain the Hamiltonian in the interaction picture
H = −~Θ1(aˆ†1bˆ† + aˆ1bˆ)− ~Θ2(aˆ†2bˆ+ aˆ2bˆ†), (4)
3where
Θj =
C0
2d
√
ωj
2mωmCj
V jx , (j = 1, 2).
The Hamiltonian (4) describes a system of three coupled
harmonic oscillators with controllable coefficients [55–
57]. The first term describes simultaneous creation or
annihilation of a photon in CPWC1 and a phonon and
is responsible for entangling the CPWC1 and the MR,
while the second term describes the exchange of excita-
tion quanta between the CPWC2 and the motion. These
terms together will lead the CPWC’s to be entangled
with each other. In what follows, we will discuss two dif-
ferent schemes to realize this goal, one of which is based
on coherent control on the dynamics of the system, while
the other is through a dissipative quantum dynamical
process.
A. Dynamical generation of photon entanglement
via excitations of the cavity Bogoliubov modes
We first focus on the regime where the dissipative ef-
fects on the coherent dynamics can be neglected, i.e., the
strong coupling regime, {Θ1,Θ2} ≫ {κ1, κ2, nthγm, γm},
where κj is the jth CPWC field decay rate, nth is the
thermal equilibrium occupation number for the mechan-
ical mode at temperature T , and γm is mechanical dissi-
pation rate. This regime can be easily realized, since the
coupling strength Θj can be tuned by the classical driv-
ing amplitude V jx , and high-Q superconducting CPWC’s
and MR’s can be conveniently fabricated in the labora-
tory. In this limit the coherent dynamics of the coupled
system can be easily solved in the Heisenberg represen-
tation.
The Heisenberg equations of motion read
˙ˆa1 = iΘ1bˆ
†, (5)
˙ˆa2 = iΘ2bˆ, (6)
˙ˆ
b = iΘ1aˆ
†
1 + iΘ2aˆ2, (7)
which would generate periodic dynamics provided that
|Θ2| > |Θ1|. After some straightforward derivations, we
can obtain the time evolution of the operators as
aˆ1(t) =
iΘ1
Θ
bˆ†(0) sinΘt+
Θ1Θ2
Θ2
[1− cosΘt]aˆ†2(0) +
1
Θ2
[|Θ2|2
−|Θ1|2 cosΘt]aˆ1(0), (8)
aˆ2(t) =
iΘ2
Θ
bˆ(0) sinΘt− Θ1Θ2
Θ2
[1− cosΘt]aˆ†1(0)−
1
Θ2
[|Θ1|2
−|Θ2|2 cosΘt]aˆ2(0), (9)
bˆ(t) = bˆ(0) cosΘt+
1
Θ
[iΘ2aˆ2(0) + iΘ1aˆ
†
1(0)] sinΘt, (10)
with Θ =
√
|Θ2|2 − |Θ1|2. In general these solutions
describe tripartite entanglement among cavity modes and
the mechanical oscillator. However, we find at the instant
Tpi = π/Θ Eqs. (8)-(10) become
aˆ1(Tpi) =
|Θ1|2 + |Θ2|2
Θ2
aˆ1(0) +
2Θ1Θ2
Θ2
aˆ†2(0), (11)
aˆ2(Tpi) = −|Θ1|
2 + |Θ2|2
Θ2
aˆ2(0)− 2Θ1Θ2
Θ2
aˆ†1(0), (12)
bˆ(Tpi) = −bˆ(0). (13)
Therefore, at this instant the mechanical motion is de-
coupled from the cavity modes and returns to its initial
state. Moveover, at the time Tpi the two cavity modes
are entangled with each other.
To be more specific, we introduce the unitary operator
Sˆ(ζ) = eζaˆ1aˆ2−ζaˆ
†
1
aˆ†
2 , where ζ = tanh−1[2r/(1 + r2)], r =
|Θ2/Θ1|. Then we find Eqs. (11) and (12) can be rewrit-
ten as the delocalized cavity Bogoliubov mode operators
aˆ1(Tpi) = cosh ζaˆ1(0) + sinh ζaˆ
†
2(0) = Sˆaˆ1(0)Sˆ
†, (14)
aˆ2(Tpi) = −(cosh ζaˆ2(0) + sinh ζaˆ†1(0)) = eipiSˆaˆ2(0)Sˆ†.(15)
These results imply that at the instant Tpi the Bogoliubov
modes composed of the cavity modes only will be excited.
Since these cavity Bogoliubov modes do not contain the
mechanical mode, the scheme is hence robust against the
mechanical noise.
In the Schro¨dinger picture, the time evolution operator
of the total system corresponds to Uˆ(Tpi) = Sˆ(ζ)
† ⊗ Iˆm,
where Iˆm is the identity operator for the mechanical
mode. Thus, if initially the MR density matrix is a ther-
mal state at temperature T given by
̺m(0) = (1− e−~ωm/kBT )e−Hm/kBT (16)
where kB is the Boltzmann constant, and Hm =
~ωm(bˆ
†bˆ+1/2), then ̺m(Tpi) = ̺m(0) in the Schro¨dinger
representation. Moveover, at the time Tpi, the two cav-
ity modes will be prepared in a two-mode squeezed state
if the initial state is the vacuum state for both cavity
modes, |00〉c. In particular, using the factored form of
the two-mode squeeze operator [58]
Sˆ(ζ) = (cosh ζ)−1e−aˆ
†
1
aˆ†
2
tanh ζe−(aˆ
†
1
aˆ1+aˆ
†
2
aˆ2) ln(cosh ζ)eaˆ1aˆ2 tanh ζ ,(17)
at the time Tpi the state of the two cavity modes is
|ψ〉c = 1
cosh ζ
∞∑
n=0
(tanh ζ)n|n, n〉c
=
(
1− r2
1 + r2
) ∞∑
n=0
(
2r
1 + r2
)n
|n, n〉c. (18)
The state (18) is a two-mode squeezed state of the pho-
ton fields in the two cavities, which exhibits Einstein-
Podolsky-Rosen (EPR) entanglement. The mechanical
motion of the MR plays a fundamental role in establish-
ing the entanglement, nevertheless the initial motional
state does not affect the efficiency of the scheme. The
degree of squeezing (squeeze parameter ζ) and amount
4of entanglement are determined by the ratio of Θ2 to Θ1,
which can be controlled on demand through tuning the
driving signals. When the squeezed state is generated at
the time of Tpi, we switch off the couplings between the
CPWC’s and the MR. Then the squeezed state can be
preserved until the cavity fields are coupled out.
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FIG. 2. (Color online) The total variance V versus Θt for dif-
ferent values of the parameters nth and r: (a) nth = 0, 10, 10
2,
r = 1+2.5−5; (b) r = 1+2.5−2, 1+2.5−3, 1+2.5−5, nth=10.
In order to check the above analysis, we exploit the
total variance V = 〈(∆uˆ)2 + (∆vˆ)2〉 of a pair of EPR-
like operators uˆ = Xˆ1 − Xˆ2, and vˆ = Pˆ1 + Pˆ2 [59], with
Xˆj = (aˆj + aˆ
†
j)/
√
2, and Pˆj = −i(aˆj − aˆ†j)/
√
2, j = 1, 2.
According to Ref. [59], a two-mode Gaussian state is
entangled if and only if V < 2. For the two-mode
squeezed vacuum state Sˆ†(ζ)|00〉c, the total variance
V = 〈(∆uˆ)2 + (∆vˆ)2〉 = 2e−2ζ, implying this state ex-
hibits EPR entanglement. In Fig. 2, the quantity V
is plotted versus the scaled time Θt, for different values
of the initial thermal phonon number nth and the pa-
rameter r. Fig. 2(a) shows the total variance V as a
function of the scaled time Θt under different values of
the thermal phonon number nth for a fixed parameter
r. From Fig. 2(a) it can be found that the total vari-
ance V is unaffected by thermal noise at the instant Tpi,
i.e., at half period it is independent on the initial ther-
mal phonon number nth. This result can be understood
since our discussions hold under the conditions that the
couplings of the system to the thermal reservoirs can be
neglected. In such a case the coherent dynamics is purely
governed by the Hamiltonian (4) and thermal effects en-
ter only as an initial condition for the mechanical mode.
Fig. 2(b) displays V versus Θt under different values of
the ratio r with a fixed mean phonon number nth. We
find that at half period the two CPWC’s are steered into
a two-mode squeezed state starting from a thermal state
for the MR. The degree of squeezing and the total vari-
ance for the two-mode squeezed state are determined by
the parameter r. Therefore, the amount of entanglement
can be tuned and made large by the ratio of the effective
electromechanical coupling strengths. These numerical
results are in accordance with the analytical conclusions
above.
B. Robust photon entanglement at steady state
through a dissipative dynamical process
In the previous section, we have discussed how to pre-
pare photon entanglement via coherent control on the
evolution of the hybrid system. Though the protocol
seems promising, the experimental implementation of
this scheme requires stringent conditions, i.e., the cou-
pling to the environment reservoirs should be neglected,
thus requiring very high quality factors for both the
CPWC’s and MR’s. For superconducting CPWC’s, this
condition can be fulfilled since high-Q superconducting
stripline cavities are easy to be fabricated in the lab-
oratory. However, as for the mechanical oscillator, in
particular which has to be incorporated into a capacitor
in order to couple to the CPWC’s, this requirement is
too demanding. In addition, high frequency MR’s are
required when the quantum regime is entered. However
at present these GHz mechanical oscillators are plagued
by very low quality factors. It is known that MR perfor-
mance degrades considerably as the oscillating frequency
increases. In this section, we will present an alterna-
tive scheme which exploits the mechanical dissipation as
a useful resource and only needs high frequency low-Q
mechanical oscillators.
In what follows, the system-environment interaction is
assumed Markovian, and then is described by a master
equation in Lindblad form. We assume that the CPWC’s
couple with the vacuum bath, but the MR couples with a
thermal bath. Then the time evolution of the density op-
erator ρˆ for the whole system is described by the master
equation
dρˆ
dt
= − i
~
[H , ρˆ] +Lc1 ρˆ+Lc2 ρˆ+Lmρˆ, (19)
where
Lcj ρˆ =
κj
2
(2aˆj ρˆaˆ
†
j − aˆ†j aˆj ρˆ− ρˆaˆ†j aˆj),
Lmρˆ =
γm
2
(nth + 1)(2bˆρˆbˆ
† − bˆ†bˆρˆ− ρˆbˆ†bˆ)
+
γm
2
nth(2bˆ
†ρˆbˆ − bˆbˆ†ρˆ− ρˆbˆbˆ†). (20)
In the following we focus on the regime where γm ≫
{Θ1,Θ2} ≫ {κ1, κ2, nthγm}. The condition γm ≫
{Θ1,Θ2} corresponds to strong mechanical damping for
the MR, i.e., very low quality factors, while nthγm ≪ γm
implies near zero temperature for the mechanical mode,
thus requiring ground state cooling of the MR. In effect,
in the regime of large mechanical frequency (in the GHz
range) and at cryogenic temperature, the thermal phonon
number is nearly zero, i.e., nth = (e
~ωm/kBT − 1)−1 ≃ 0,
which corresponds to coupling with the vacuum bath for
5the MR. Under this regime the master equation (19) then
can be approximated as
dρˆ
dt
= − i
~
[H , ρˆ] +
γm
2
(2bˆρˆbˆ† − bˆ†bˆρˆ− ρˆbˆ†bˆ). (21)
We now introduce the phonon number representation
for the density operator ρˆ, i.e., ρˆ =
∑∞
m,n=0 ρmn|m〉〈n|,
where ρmn are the density-matrix elements in the basis
of the phonon number states {|n〉, n = 0, 1, 2, ...}, and are
still operators with respect to the cavity fields. Under the
condition of strong mechanical damping, the populations
of the highly excited motional states can be neglected.
Therefore, we consider only the matrix elements ρmn in-
side the subspace {|0〉, |1〉} of the phonon numbers. In
this case, the master equation (21) leads to the following
set of coupled equations of motion for the density-matrix
elements
ρ˙00 = −iρ01(Θ1aˆ†1 +Θ2aˆ2) + i(Θ1aˆ1 +Θ2aˆ†2)ρ10 + γmρ11,(22)
ρ˙11 = −iρ10(Θ1aˆ1 +Θ2aˆ†2) + i(Θ1aˆ†1 +Θ2aˆ2)ρ01 − γmρ11,(23)
ρ˙01 = −iρ00(Θ1aˆ1 +Θ2aˆ†2) + i(Θ1aˆ1 +Θ2aˆ†2)ρ11 −
γm
2
ρ01.(24)
In the regime of strong damping rate γm, the elements ρ01
and ρ11 can be adiabatically eliminated from the above
equations, leading to
ρ01 =
2iΘ
γm
(D†ρ11 − ρ00D†) (25)
where
D =
Θ2
Θ
aˆ2 +
Θ1
Θ
aˆ†1. (26)
is the cavity Bogoliubov mode operator. The reduced
density operator for the CPWC’s can be approximated
as ˆ̺c = Trm(ρˆ) ≃ ρ00+ρ11. Replacing (25) into (22) and
(23), and adding up them, after neglecting higher-order
terms we obtain the evolution of the cavity modes with
an effective master equation
d ˆ̺c
dt
=
Γc
2
(2D ˆ̺cD
† −D†D ˆ̺c − ˆ̺cD†D) (27)
with Γc = 4Θ
2/γm. This master equation has the form
of the standard engineering reservoir scheme, which de-
scribes ground state cooling of the cavity Bogoliubov
mode D . The only pure steady state of the system is the
eigenstate |ψ〉 of the operator D with zero eigenvalue,
ensuring that there is no further eigenstate |φ〉 of D such
that [D ,D†]|φ〉 = 0. For the operator D = Θ2Θ aˆ2+ Θ1Θ aˆ†1,
we will find that this condition cannot be satisfied. From
the eigenvalue equation D |ψ〉 = 0, and the relation D =
Saˆ2S†, with S(ς) = eςaˆ1aˆ2−ςaˆ†1aˆ†2 , ς = tanh−1[Θ1/Θ2],
one can readily find that
|ψ〉c = S|µ, 0〉c (28)
is a steady state of the master equation (27), but not the
only one. Here |µ, 0〉c denotes an arbitrary state for the
first CPWC mode and the vacuum state for the second
one.
In order to steer the system into the two-mode
squeezed state S|0, 0〉c, we need another dissipative pro-
cess together with the described one, leading to the ef-
fective master equation
d ˆ̺c
dt
=
Γc
2
(2D˜ ˆ̺cD˜
† − D˜†D˜ ˆ̺c − ˆ̺cD˜†D˜)
+
Γc
2
(2D ˆ̺cD
† −D†D ˆ̺c − ˆ̺cD†D) (29)
where D˜ = Saˆ1S† is the other delocalized cavity Bogoli-
ubov mode operator . This master equation describes
simultaneous ground state cooling of the system in the
transformed picture with the basis D˜ ,D [60, 61]. In
fact, one can find that D˜S|0, 0〉c = DS|0, 0〉c = 0, and
[D˜ ,D ] = 0. Therefore, the unique steady state of master
equation (29) is just S|0, 0〉c. This two-mode squeezed
state of the photon fields confined in the two cavities ex-
hibits EPR entanglement. The amount of entanglement
is solely determined by the ratio of the effective elec-
tromechanical coupling strengths, thus can be tuned and
made much larger.
The Lindblad term with respect to the D˜ operator can
be engineered from the Hamiltonian
H
′ = −~Θ1(aˆ†1bˆ+ aˆ1bˆ†)− ~Θ2(aˆ†2bˆ† + aˆ2bˆ), (30)
following the same reasoning as that for the D operator,
with the driving frequencies chosen as ω1d = |ωm − ω1|,
and ω2d = ω2+ωm. However, for the case of just one MR,
we cannot get the master equation (29) to realize simul-
taneous cooling of both modes D˜ and D , since both H
and H ′ cannot be possessed simultaneously only through
adjusting the driving frequencies for one MR. In order to
have both cooling processes, in D˜ and D , we can em-
ploy a stroboscopic cooling scheme. In this approach,
the system evolves during a time t in N cycles of du-
ration δt = t/N , while the driving parameters alternate
between the ones with respect to D˜ and those of D . The
stroboscopic limit is valid provided that the time interval
δt is much smaller than 1/Γ, in which case the effective
dynamics of the system is just as that described by the
master equation (29). Alternatively, one can couple the
CPWC’s with two MR’s, each of which is driven by a
bichromatic microwave signal to induce sidebands in the
CPWC-MR coupling. In this case, one can realize the
Hamiltonian H for one MR, and simultaneously have the
Hamiltonian H ′ for the other. In the regime of strong
mechanical damping for both MR’s, one can exploit the
engineering reservoir scheme to get the effective master
equation (29).
It is necessary to verify the model through numerical
simulations. To provide an example, here we consider
the two-MR case, where the dynamics of the system can
be simulated by the following master equation
dρˆ
dt
= − i
~
[H , ρˆ] +Lc1 ρˆ+Lc2 ρˆ+Lm1 ρˆ+Lm2 ρˆ,(31)
6with
H = −~Θ1(aˆ†1bˆ†1 + aˆ1bˆ1)− ~Θ2(aˆ†2bˆ1 + aˆ2bˆ†1)
−~Θ1(aˆ†1bˆ2 + aˆ1bˆ†2)− ~Θ2(aˆ†2bˆ†2 + aˆ2bˆ2) (32)
Lmj ρˆ =
γmj
2
(nth + 1)(2bˆj ρˆbˆ
†
j − bˆ†j bˆj ρˆ− ρˆbˆ†j bˆj)
+
γmj
2
nth(2bˆ
†
j ρˆbˆj − bˆj bˆ†j ρˆ− ρˆbˆj bˆ†j). (33)
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FIG. 3. (Color online) Plot of time evolution of the total
variance V through numerically solving the master equation
(31), together with the result for an ideal two-mode squeezed
vacuum state. The relevant parameters are chosen as Θ2 =
2Θ1, γm1 ≃ γm2 ≃ γm = 15Θ1, nth = 0.01.
In Fig. 3 we illustrate the time evolution of the total
variance V together with the result for an ideal two-mode
squeezed vacuum state, under different values for the de-
cay rate κ, where κ1 ≃ κ2 ≃ κ is assumed. The initial
state of the system is chosen as the ground states for the
cavity modes and the mechanical mode. The related pa-
rameters are chosen in such a way that they are within
the parameter range for which this scheme is valid and
are accessible with current experimental setups. From
this figure we find that, when the effective decay rate for
the engineered reservoir is much larger than the decay
rate of the cavity photons, i.e., Γc ≫ κ, at steady state
nearly ideal EPR entanglement (Θ2/Θ1 = 2, V = 0.667)
between the photon fields in the two CPWC’s can be
established with a fidelity of 99.98%. The time for reach-
ing the stationary state is about T ≃ 4/Γc. However,
when κ is of the same order of magnitude of or larger
than Γc, the ideal EPR entanglement is severely spoiled,
since in this case the influence of the natural reservoir
on the generated two-mode squeezed state is almost the
same as that of the engineered reservoir. Thus, to reduce
the influence of the natural reservoir requires Γc ≫ κ, or
4Θ2 ≫ γmκ. To make sure the protocol is valid, we also
require that γm ≫ Θ. These conditions together imply
that γm ≫ Θ≫ √γmκ/2.
IV. IMPLEMENTATION
Regarding the experimental feasibility of the propos-
als, currently available experimental setups of cavity elec-
tromechanics [2, 8] are promising platforms for realiz-
ing the schemes. We consider superconducting CPWC’s
with the fundamental frequency of 2π × 10 GHz, whose
damping rate can be as low as κ/2π ≃ 10 kHz given
a quality factor Q = 106 from recent circuit QED ex-
periments. The vacuum-fluctuations-induced voltage be-
tween the central conductor and the ground plane of the
CPWC’s is typically of order of µV. As for the nanoscale
MR’s, we can choose to utilize an aluminium membrane
integrated into a capacitor [2] for the first scheme, or a
piezoelectric dilatation resonator [7] for the second one,
which comprises a piezoelectric thin film of aluminium
nitride, sandwiched between two aluminium metal elec-
trodes. The superconducting CPWC’s and nano MR’s
can be fabricated on a single chip with wafer-scale optical
lithographic techniques. For a nearly circular membrane
with a diameter of 15 µm and a thickness of 100 nm
[2], drum-like modes are allowed to resonate freely. The
fundamental mode is ωm/2π = 10.69 MHz, giving a zero-
point motion of 4.1 fm and a damping rate γm/2π = 30
Hz [2]. For the first scheme, with the chosen parameters
V 1x = 10 V, V
2
x = 1.01V
1
x , d = 50 nm, C0 = 40 fF, we get
Θ ∼ 3 MHz, and the operation time for generating the
target state is about Tpi ∼ 1 µs. This time is much shorter
than the photon life time, and the decoherence time for
the mechanical mode with about 103 phonons. With re-
gard to the second scheme, the piezoelectric dilatation
resonator is particularly suitable [7], which has 6 GHz
frequency and very strong damping rate γm/2π ≃ 23
MHz (Q ≃ 260). At the temperature T ≃ 25 mK, the
number of thermal phonons in the mechanical mode is
less than 0.07. If we assume that V 1x = 1 V, V
2
x = 2V
1
x ,
d = 50 nm, C0 = 25 fF, then we have Θ ∼ 17 MHz. The
time for reaching the stationary state is about 4/Γc ∼ 0.5
µs.
Finally, We discuss how to measure the entanglement
between the resonators. To implement this task one can
use the experimental state tomography technique real-
ized recently to detect a two-mode squeezed state in
the microwave domain [62]. In the experiment, all four
quadrature components X1, X2, P1, P2 of a two-mode
squeezed state are measured in a two-channel hetero-
dyne setup using amplitude detectors. Then, the full
covariance matrix can be determined via analyzing two-
dimensional phase space histograms for all possible pairs
of quadratures.
V. CONCLUSIONS
To conclude, we have studied the robust generation
of photon entanglement with an electromechanical sys-
tem, in which two CPWC’s are capacitively coupled by a
MR. With this cavity electromechanical system, we have
7presented two different schemes to generate two-mode
continuous-variable entangled states of microwave pho-
tons confined in the cavities. The first scheme is based
on coherent control over the dynamics of the system to
selectively induce excitations of the cavity Bogoliubov
modes. The second one is based on a dissipative quantum
dynamical process, which exploits the mechanical dissi-
pation as a useful resource to implement ground state
cooling of the cavity Bogoliubov modes. These protocols
may have interesting applications in quantum informa-
tion processing with electromechanical systems.
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Note added : After completing this work, we became
aware of two related works on the arXiv, which exploit
the quite same ideas to generate photon entanglement
with optomechanical systems. These works have already
been published [63, 64].
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